This article lists all the solution of the Catalan equation
Introduction
The famous conjecture of Catalan states that "The only solution of the equation x m − y n = 1 with x, y ∈ Z, xy = 0 and m, n ∈ N, m, n > 1 is (±3) 2 − 2 3 = 1". The conjecture was finally proven with the mammoth effort of Preda Mihailescu [6, 7, 8] . There are account of studies of the Catalan equation x m − y n = 1 over number fields K (i.e. x, y ∈ O K , the ring of integers of K). The number field analog of the conjecture has not seen much light of the day. The authors in [2] showed that over any number field the equation has only finitely many solution, but the bounds on the possible solutions are astronomical. Note that its enough to consider the equation x p − y q = 1, where x, y ∈ O K and p, q are primes. Even primes exhibited a different behavior in rational case [3, 5] and so is the case for Z [i] . In our attempt [1] to study the Catalan equation over Z[i] we need to dispose the case when one of the prime is even. This article handles the same for Z [i] .
Consider a tupple (x, y, p, q), with x, y ∈ Z[i], satisfying x p − y q = 1. Such a tupple is referred as a Catalan tupple whenever xy = 0. In this article we are interested in the case when one of the prime is even. When both p = q = 2 then x − y and x + y are units and one finds that either x = 0 or y = 0. Thus we can assume that one of p and q is even and the other is odd. The equation x p − y 2 = 1 translates to y 2 − x p by the change of coordinates x −→ −x and y −→ iy. Thus, its enough to study any one of the equation x p − y 2 = 1 and x 2 − y q = 1 in order to solve the Catalan equation with even exponent.
In the first section we assume that the prime p > 5 and solve the equation x p −y 2 = 1. The method is on the line of Liouville's idea of approximations of algebraic numbers by rationals. In section 2 we give solution for the equations x 2 − y 3 = 1 and x 3 − y 2 = 1, which exhibit some non-trivial solutions. This computation is based on some ideas of elliptic curves. In section 3 we handle the left cases x 2 − y 5 = 1 and x 5 − y 2 = 1 which were not covered earlier and require delicate analysis than in section 1. For the primes p > 5 the approach is to reduce the solvability of the equation x p − y 2 = 1 to solvability of an equation of the form (x ′ ) p − 4(y ′ ) p = 4, and then solve the latter one.
Primes p > 5 and q > 5
In this section, we prove Theorem 1. The equation x p − y 2 = 1 for p > 5 has only trivial solutions x, y ∈ Z[i].
Proof. Suppose that x p − y 2 = 1 has a solution. Then we have; 
Since y is not real, |y + i| = |y − i|. So one has |x 1 | = |x 2 |. Without loss of generality we can assume that |x 1 | > |x 2 | = √ n for some +ve integer n.
So one has |x 1 | ≥ √ n + 1. Now using equation 1 we obtain;
. This is a contradiction. case (2): y + i and y − i are not coprime. Claim: gcd(y + i, y − i) = 2i Any common divisor of y + i and y − i will divide 2i. At least one of y + i and y − i is divisible by (1 + i) 2 = 2i, as the power of 1 + i in (y + i)(y − i) is at least p > 3. Also y + i and y − i differ by 2i so the other one too is divisible by 2i. This proves the claim. Hence one has,
where r 1 , r 2 are positive integers satisfying min{r 1 , r 2 } = 2 and r 1 + r 2 ≡ 0 (mod p). Let us assume that min{r 1 , r 2 } = r 2 , so one gets (1 + i)
, which in turn, by putting x 3 = −(1 + i) k x 1 with r 1 + r 2 = kp, leads to
. Also x 3 = 0 or x 2 = 0 will lead to y = ±i, which corresponds to a trivial solution. A similar equation unfolds when min{r 1 , r 2 } = r 1 . Thus the theorem is proved once we show that the equation Proof. As earlier we will obtain −2i
, proving the lemma.
Lemma 2. Let x 3 , x 2 be as in Proposition 3.2.2, then one has
p . Using binomial expansion we see that,
We note that the following claim will establish the lemma. Claim: n = 0. Clearly |x 3 | ≤ |x 2 | 2 , this gives us, after multiplying byx 3 ,
and hence one obtains
Let λ be a solution of
is a real number. We have
i.e.
Since p ≥ 7 and |x 2 | > √ 3, the right side quantity in above inequality is at most
This will force that left hand side is at least 1/3, which is in contradiction to the upper bound. In case |λ 2 − 1| ≤ 3, then we obtain
One checks that the last inequality does not hold unless n = 0, establishing the claim. Now we intend to give the proof of the proposition 1.
Proof. (Proposition 1) One observes that if there is a non-trivial solution, then x 3 is even and x 2 is odd (i.e 1 + i|x 3 and 1 + i ∤ x 2 ). As p > 5, x 2 can not be a unit. One checks that both|x 3 |, |x 2 | are bigger than √ 3. Let us write
Since a 3 − 4 1/p a 2 = Re(x 3 − 4 1/p x 2 ) so, using lemma 2 one obtains
One knows that
We make the following, Claim: min{|a 2 |, |b 2 |} = 0. We see that a 2 = 0, because if it is then from the inequality (2) we find that |a 3 | = 0, as the latter quantity in above inequality is less than 1. This will give (ib 3 ) p − 4(ib 2 ) p = 4, a contradiction as left hand side is not real. Also we see that b 2 = 0. Considering the imaginary part we will obtain
So we get, similarly, b 3 = 0. Thus, in this case, x 2 and x 3 are real. Define y by
Since y is purely imaginary, by putting x ′ = −x and y ′ = y/i we obtain an integral solution y ′2 − x ′p = 1 of the Catalan's equation over Z, a contradiction. This contradiction establishes the claim. Let us assume that min{|a 2 |, |b 2 |} = |a 2 |. Now consider the function f (x) = x p − 4, Then one has ,
for some point ξ between a 3 a 2 and 4 1/p . Now using above estimate we get
|x 2 | and hence one obtains, 
To see the last inequality we just notice that | p−1 k 
Elliptic curve case
In this section we intend to settle the equations x 3 − y 2 = 1 and x 2 − y 3 = 1. They both represent elliptic curves defined over Q.
We will consider the equation x 2 − y 3 = 1, which after change of coordinate takes the form y 2 = x 3 + 1. The first one is dealt similarly. We will let E denote the set of Q-rational points on the curve y 2 = x 3 + 1 and E(i) will denote the Q(i)-rational point on the same. Both E(i) and E have a group structure under 'elliptic curve addition +'. Given any point P = (x, y) in E(i), the pointP = (x,ȳ) is also in E(i). Here z −→z is complex conjugation. The point P +P of E(i) is stable under complex conjugation and hence is in E. Thus we have the trace map T : E(i) −→ E sending P −→ P +P . To know the points in E(i) it is enough to find T −1 (P ) for P ∈ E. Using Cremona's table [4] we see that that E is of rank 0 and the torsion group is of order 6. The six torsion points are R = (2, 3), 2R = (0, 1), 3R = (−1, 0), 4R = (0, −1), 5R = (2, −3), 6R = (∞, ∞). Now consider 4R = (0, −1) ∈ E, we want to find points Q ∈ E(i) such that T (Q) = 4R, i.e. those points Q = (x, y) such that Q,Q and (0, 1) are collinear. A line passing through Q,Q and (0, 1) is given by y = mx + 1, with m = y−ȳ x−x . To get the points Q andQ we solve the equations y = mx + 1 and y 2 = x 3 + 1. This gives, other than (0, 1), a quadratic equation, namely,
Since we are looking for integral points Q = (x, y) and both Q,Q lie on L so we have x +x = m is an even integer. Further we want the point Q in E(i) and not in E so the equation x 2 − m 2 x − 2m = 0 shall have two non real roots, also since we want the points to be integral so these roots must be in Z [i] . Hence the discriminant m 4 + 8m shall be −ve of square of an integer. One observes that this is impossible. Thus there are no points on E(i) with T (P ) = 4R. Since T is a homomorphism so there are no points on E(i) whose image under T is R, 2R (if P −→ R then 4P −→ 4R) and hence also there is no point on E(i) whose image is 5R = −R. Now consider the case 3R = (−1, 0) . We consider the line through this point, as it is its own reflection, with slope m, where m is chosen as in earlier case. The line is given by y = m(x + 1), we substitute this in the equation defining the curve to obtain the points of the intersection. We have (m(x + 1)) 2 = x 3 + 1. Canceling the factorx + 1 we obtain x 2 − (m 2 + 1)x + (1 − m 2 ) = 0. Again we obtain m 2 + 1 is an even integer and so m is an odd integer. Also the discriminant (m 2 + 1)
is −ve of square of an integer. This is impossible for any integer m. Hence there are no points P on the curve mapping to 3R under T . Now we consider the last case of point at infinity, the identity of the group law. Here we are looking for points P on the curve E(i) such that P = −P . If we write P = (a + ib, k + il) then at once we have b = 0, k = 0. But then from the equation of the elliptic curve we obtain (il) 2 = a 3 + 1, i.e. (−a, l) is a solution to x 3 − y 2 = 1 in rational integers, this forces l = 0 and hence P ∈ E. So there are no solution to the equation x 2 − y 3 = 1 in E(i) which are not in E. For the equation x 3 − y 2 = 1 we see that the point at infinity corresponds to one solution (−2, ±3i) in E(i). There are no more solution. Proof. We note that if one of x 3 and x 2 is a unit then x 3 = −(1+i) and x 2 = i. Now assume that none of them is a unit. So we can assume that both 
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